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Abstract 
The three-dimensional finite element method is used to solve the problem of the quarter-elliptical corner crack of the bolt-hole in 
mechanical joints being subjected to remote tension. The square-root stress singularity around the corner crack front is simulated using 
the collapsed 20-node quarter point singular elements. The contact interaction between the bolt and the hole boundary is considered in 
the finite element analysis. The stress intensity factors (SIFs) along the crack front are evaluated by using the displacement correlation 
technique. The effects of the amount of clearance between the hole and the bolt on the SIFs are investigated. The numerical results indi-
cate that the SIF for mode I decrease with the decreases in clearance, and in the cases of clearance being present, the corner crack is in a 
mix-mode, even if mode I loading is dominant. 
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1 Introduction* 
As a joining technique, mechanical joints such 
as bolted or riveted joints are widely used in aero-
space structures. Cracks often exist at the hole-edge 
because of stress concentration, contact interaction 
between the hole and the bolt, or the manufacturing 
process. It is necessary to determine stress intensity 
factors (SIFs) in order to evaluate the crack growth, 
residual strength, and fatigue life of the cracked 
structures. 
Many researchers have investigated the SIFs 
for the cracks at the hole-edge. However, there are 
only a few studies that take into consideration con-
tact interaction between the hole and the bolt or the 
contact pressure that develops in the hole bound-
ary[1-5]. The effects of the changes in clearance be-
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tween the bolt and the hole on SIFs along the crack 
front, for a bolt-hole corner crack, appear to be ab-
sent in relevant literatures. In fact, a corner crack 
typically occurs at the surface of a component and it 
can be simulated as a quarter-elliptical shape[6]. The 
part-through nature of the corner crack necessitates 
three dimensional analysis to determine the SIFs. 
The problem of the bolt-hole corner crack is quite 
complicated when the contact interaction between 
the hole and bolt is considered. In general, the con-
tact region and contact pressure depend on the ex-
ternal load and the elasticity properties of the mate-
rial being used. Such dependence converts the con-
tact problem into being nonlinear and as such the 
only possible way to solve this problem is to use 
numerical methods such as the finite element 
method (FEM) and boundary element method[7]. 
In this article, the mix-mode SIFs along the 
crack front for mechanical joints with a bolt-hole 
corner crack, under remote tensions, are analyzed 
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using the general purpose finite element analysis 
software ANSYS, and the effects of the amount of 
clearance between the hole and the bolt on the SIFs 
along the crack front are investigated. 
2 Computational Method of SIFs 
In the fracture analysis, in order to simulate the 
square-root stress singularity around the corner 
crack front, the collapsed 20-node quarter point 
singular elements are usually utilized. These ele-
ments are depicted in Fig.1. 
 
Fig.1  Brick elements and quarter-node singular elements. 
Assuming that there is a quarter-elliptical cor-
ner crack of length c and depth a at the bolt-hole in 
the mechanical joints, as shown in Fig.2. A point, P, 
at the crack front, can be positioned by the paramet-
ric angle D and accordingly the crack-tip local coor-
dinate system (t, n, s) at point P can also be posi-
tioned, where t, n, and s are in tangential, normal, 
and binormal directions, respectively. 
 
Fig.2  Quarter-elliptical corner crack and the crack-tip local 
coordinate system at point P. 
The displacement correlation technique (DCT) 
can be used to calculate the SIFs. Note that the as-
ymptotic expressions for the three dimensional 
problem and plane strain problem are identical ex-
cept at the point where the crack front intersects a 
traction free boundary[8]. Hence, the asymptotic dis-
tribution of the displacement components in the vi-
cinity of point P can be expressed as[9] 
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where KI, KII, and KIII denote the SIFs for modes I, 
II, and III, respectively; P is the shear modulus; N is 
equal to 3 – 4Q, Q is the Poisson ratio; and r and T 
are position coordinates (see Fig.2). 
Evaluating Eqs.(1)-(2) for T  rS , the SIF for 
mode I can be expressed as 
0
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where su'  is the relative displacement component 
of one crack surface with respect to the other in the 
s direction at position r. 
It can be found from Eq.(4) that KI depends on 
the /su r'  value at position 0r o . In order to 
calculate the SIF for mode I, the authors first take a 
section at point P parallel to the normal plane (n, s). 
The section and the deformed shape of the crack are 
shown in Fig.3, where R1 and R2 are the distances of 
 
Fig.3  Deformed shape of the crack surfaces. 
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point P to the point H   (or H  ) and point G  (or 
G ) of undeformed configuration, respectively. 
Points H  , G ,  H  , and G  should be lo-
cated on the edge of the selected quarter-node sin-
gular elements of the upper and lower crack sur-
faces, respectively. The displacement components of 
these points, Hsu
 , Gsu
 , Hsu
 , and  Gsu
 , can be ob-
tained by the path operations of ANSYS. Thus, the 
relative displacements in the s direction on the loca-
tions of 1r R  and 2r R  can be expressed as 
Hs Hs Hsu u u
 '               (5) 
Gs Gs Gsu u u
 '               (6) 
With the displacement extrapolation method[10], 
the values of /su r'  taken from the finite element 
results can be written as 
1 2 1
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where A1 and A2 are constants. 
Using Eqs.(7)-(8), and Eq.(4), and letting r ap-
proach 0, the SIF for mode I can be evaluated by 
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Similarly, the SIFs for modes II and III can also 
be obtained  
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where Hnu' , Gnu' , Htu' , and Gtu'  are the rela-
tive displacements in the n and t directions, on the 
locations of 1r R  and 2r R , respectively. 
Once the displacement field of the cracked 
structure is computed using ANSYS, the SIFs for 
three fracture modes can be determined by DCT. 
3 Model Validation and Comparison 
To validate the finite element analysis tech-
nique used in the present study, the authors provide 
some comparisons of the results given by Walters, et 
al.[11]. The geometry and loading of the cracked 
plate problem considered by Walters, et al. are de-
picted in Fig.4. 
 
 
Fig.4  Geometry and loading of the surface cracked plate. 
The dimensions of 2b and 2w should be taken 
as being sufficiently large to enable the calculated 
SIFs to approximate those calculated for a semi-in-
finite plate. Here, the specimen dimensions are 
taken as 2 2 1.2 mb w  , 0.1 mh  , and / 2a h , 
and the crack aspect ratio is / 2a c  . The material 
properties are elastic modulus E = 10 GPa and the 
Poisson ratio Q = 0.25. Only a quarter of the cracked 
plate is analyzed because of symmetry. 
The comparison of the normalized SIF for 
mode I are shown in Fig.5. The normalized SIF for 
mode I is defined as 
n
0/ ( / )K K a Q, , SV          (12) 
1.651 1.464( / )Q c a           (13) 
It can be found from Fig.5 that the calculated 
results of the present study are in good agreement 
with those given by Walters, et al. 
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Fig.5  Comparison of the normalized SIF for mode I. 
4 Numerical Computation of SIFs for  
    Bolt-hole Corner Crack 
4.1 Problem description 
The geometries and loadings of the cracked 
mechanical joints are depicted in Fig.6, where T1 
and T2 = T3 are the applied uniform remote tensions, 
 
(a) Schematic diagram of analyzed problem 
 
(b) Detail of bolt 
 
 
(c) Details of plate-A, plate-B, and plate-C 
Fig.6  Geometries and loadings of the cracked structure. 
and dhole1, dhole2, and dbolt are the diameters of the 
holes and pin, respectively. A single quarter-ellip- 
tical corner crack of length c and depth a is located 
on the bolt-hole of plate-A. The dimensions for the 
bolt-hole corner crack are c = 3 mm and a = 5 mm. 
The material properties are elastic modulus E = 210 
GPa and Poisson ratio Q = 0.3. 
4.2  Finite element model 
To obtain convergent results, the mesh density, 
number, and size of the quarter point singular ele-
ments around the crack front have to be considered 
carefully. The finite element model used in the pre-
sent study is depicted in Fig.7. 
 
(a) Whole mesh 
 
(b) Close-up view of the elements around the crack front 
Fig.7  Finite element model. 
There are a total of 18 116 three dimensional 
brick elements in the model. About 600 of these 
elements are the singular elements that are used 
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around the crack front. The ratio of the radius of 
quarter point singular element to the crack depth a 
is taken as 0.02. The contact areas between the 
holes and the bolt are modeled by 2 118 surface to 
surface contact elements. The total number of nodes 
of the model is 36 639, hence the total number of 
degrees of freedom is 36 639 × 3. Only the case of 
frictionless contact is considered in the present 
study.   
4.3 Results and discussions 
The model mentioned earlier in this article is 
solved using ANSYS FEM code and the SIFs for 
mix-mode are calculated by Eqs.(9)-(11). To exam-
ine the effects of the amount of clearance between 
the hole and the bolt on the SIFs, the clearances, 
hole1 bolt( ) / 2d dG   , are set to 0.500 0, 0.125 0, 
0.062 5 mm, respectively. The calculated SIFs of 
these three simulations are normalized into nondi-
mensional ones according to 
n
1/ ( / )M MK K T a Q S           (14) 
where M = I, II, and III, and the normalization fac-
tor Q is given by Eq.(13). 
Fig.8 depicts the normalized SIFs around the 
crack front for three different clearances. 
 
    (a) Mode I 
 
   (b) Mode II 
 
     (c) Mode III 
Fig.8  Effects of the amount of clearance on SIFs for a 
quarter-elliptical corner crack on the bolt-hole. 
In Fig.8, 2D/S 0 corresponds to the c-tip, and 
2D/S 1 to the a-tip. 
It can be seen from Fig.8(a) that the SIF for 
mode I along the crack front decreases with a de-
crease in the clearance between the hole and the bolt. 
These results indicate that the amount of clearance 
has a significant influence on the SIF for mode I, 
and its proper consideration is required to evaluate 
the crack growth, residual strength, and fatigue life 
of the cracked mechanical joints. It can also be seen 
from Fig.8(a) that the SIF for mode I reaches a 
maximum value when the parametric angle D S/2.  
It can be found from Figs.8(b)-8(c) that the 
SIFs for modeĊand mode III along the crack front 
are smaller than that for mode I, but their values 
cannot be neglected. This demonstrates that in the 
case of the existing clearance, a quarter-elliptical 
corner crack on the bolt-hole of mechanical joints 
cannot be considered as pure mode I even if the 
loading of mode I is dominant.  
It can be observed from Fig.8 that the SIFs 
based on plane strain conditions and square-root 
singularity definition, exhibit phenomena of sharp 
changes at the intersection (2D/S 0) of the crack 
front with the free surface of plate-A. It is a well- 
known result for linear elastic fracture mechanics 
that the stress near the crack tip exhibits a singular-
ity of 0.5r , where r is the distance measured from 
the crack tip. However, it has been proved by Ben-
them[12-13] that this classical singularity does not 
hold at the intersection of the three-dimensional 
crack front with the free surface, but instead a sin-
gularity of the form rO  exists. The singularity ex-
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ponent O is found to be a function of the fracture 
modes (i.e., modes I, II or III), the inclination angle 
E of the crack front relating to the free surface, the 
angle J between the crack plane and the solid sur-
face, and the Poisson ratio of the material used. As a 
result, the calculated SIFs of the present study, simi-
lar to many numerical solutions, exhibit sharp 
changes at the intersection, (2D/S 0), of the crack 
front with the free surface because of the complex 
nature of the stress singularity of that point. Re-
searches have shown that the zone with nonsquare- 
root singularity comprises of only a very small frac-
tion of the crack edge[14-15]. Therefore, the change of 
stress singularity can be neglected from the applica-
tion’s point of view.  
5 Conclusions 
The three-dimensional FEM and DCT are used 
to determine the SIFs of mechanical joints with 
quarter-elliptical corner crack on the bolt-hole. The 
following conclusions can be drawn:  
(1) The SIF for mode I reaches its maximum 
value when the parametric angle is D S/2. 
(2) The SIF for mode I along the crack front 
decrease with a decrease in clearance between the 
hole and the bolt. These results indicate that the 
amount of clearance has a significant influence on 
the SIF for mode I. 
(3) In the case of the existing clearance, quar-
ter-elliptical corner cracks on the bolt-holes of me-
chanical joints are in a mix-mode even if the load-
ing of mode I is dominant. 
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